In this work, we review the stochastic decomposition for the number of customers in M/G/1 retrial queues with reliable server and server subjected to breakdowns which has been the subject of investigation in the literature. Using the decomposition property of M/G/1 retrial queues with breakdowns that holds under exponential assumption for retrial times as an approximation in the non-exponential case, we consider an approximate solution for the steady-state queue size distribution.
INTRODUCTION
Retrial queues are characterized by the feature that any arriving customer who finds all servers (and eventually all waiting positions) occupied may repeat his demand after a random amount of time. They are used to solve many practical problems in computer and other communication networks. A review of the main results can be found in [3] , [5] , [6] , [8] . There are different approaches to study retrial queues. We place emphasis on the stochastic decomposition because it leads to simplifications when solving complex models. Stochastic decomposition property takes place in various retrial models, in particular in retrial queuing systems with server vacations [2] ; in retrial models with batch arrivals [12] as well as with priority customers [7] , [10] . Some applications of the decomposition property for M/G/1 retrial queues have been performed in [4] .
In this paper, we review the stochastic decomposition for the number of customers in M/G/1 retrial queues with reliable server and server subjected to breakdowns which has been the subject of investigation in the literature. Assuming the decomposition result for retrial queues with breakdowns and exponential retrial times established in [1] as valid for retrial queues with breakdowns and general retrial times, we consider an approximate solution for the steady-state queue size distribution. This paper is organized as follows. Model's description is given in the second section. The third section contains a survey of the existing decomposition results. In the fourth section, we consider an approximation method for the computation of the steadystate queue size distribution. In the last section, we show through numerical results how the approximation method works for the M/G/1 retrial queue with breakdowns.
The details of proofs which are available in the literature are omitted, and interested readers are referred back to the original papers.
MODELS
We consider single-server queuing systems with no waiting space. Primary customers arrive at the service facility according to a Poisson process with rate 0 λ > . An arriving customer receives immediate service if the server is able to start a service time; otherwise he leaves the service facility temporarily to join the retrial group (orbit). Any orbiting customer persists to ask for service until he gets served. D hold the assumption of mutual independence. The customers whose service is interrupted by an active breakdown are obliged to leave the service facility either to join the orbit with probability , or to leave the system with probability 1 . The state of the server at time , , can be 0, 1 or 2 depending on whether the server is, respectively, idle-up, busy or down.
STOCHASTIC DECOMPOSITION
In the first time, we review the decomposition results which were established for M/G/1 retrial queues with reliable server (model 1). Consider a non-Markovian process about the number of customers in the system at time , 
where
The first factor on the right-hand side of (1) is known as Pollaczek-Khintchine equation for the number of customers in the ordinary M/G/1 queue with infinite waiting space, and the second is the generating function for the number of customers in the retrial queuing system given that the server is idle. A few years later, Yang and al. [11] demonstrated that the structure of ( ) (1) , and the number of customers in the orbit, , at time , . The latter has an embedded Markov chain
is the time when the server enters the idle-up state for the n-th time). From [9] , we have that the system is stable if ( )
Aissani and Artalejo [1] introduced an auxiliary queuing system with infinite waiting space, breakdowns of the server and option for leaving the system after an interruption to establish the stochastic decomposition for the generating function ( ) z ϕ of the steady-
The first factor on the right-hand side of (2) is the generating function of the steady-state distribution of the embedded Markov chain at idle-up epochs. It is related to the auxiliary system (without retrials). The remaining factor, 0 0 ( ) (1) P z P , is the generating function for the number of customers in the orbit given that the server is idle-up.
We assume that the decomposition result (2) for exponential retrial times is also valid for general retrial times.
APPROXIMATE SOLUTION
In the first time, we introduce some notations. Let n ς be the time at which the nth fresh customer arrives at the server; we have
Suppose that there are customers in the orbit at an arbitrary time when the server is able to start a new service time. In such a case, we have , ,..., k X X X of the orbiting customers depend on each other in a very complicated way, a derivation of an explicit formula for the joint density function is difficult, if not impossible.
An approximation to was proposed in [11] for retrial models with reliable server: It is based on the intuitive consideration that the mean retrial time is very small relative to the mean service time (for retrial models with breakdowns, we add that the mean retrial time is also very small relative to the mean time duration of interruptions).
Using the above approximation, it was established that 0, ,
where ,
The set of equations (3)- (5) (3)- (5), it is easy to find the following computational procedure:
Once system steady-state probabilities are evaluated, various performance measures can be calculated. Let be the number of customers in the system at an arbitrary time when the server is able to start a new service time. Then, we have
Let be the number of customers in the orbit at an arbitrary time. Then, we have (for models without breakdowns)
NUMERICAL RESULTS
In this section, we examine the performance of the approximation discussed in the preceding section in the case of M/G/1 retrial queue subjected to breakdowns. We consider the following service and retrial time distributions: exponential (E), two-stage Erlang (E 2 ), and two-stage hyper exponential (H 2 ). Throughout this section, we let the mean service time 1/ γ be a unit time, the rate of active breakdowns µ as well as the rate of passive breakdowns η be 0.02, the mean time duration of active interruption as well as the mean time duration of passive interruption be 0.2, the recovery factor be 0.9. Tables 1, 2 and 3 present the approximation outcomes calculated according to (6)-(8) against those from a simulation study (at 95-percent confidence intervals) for the M/M/1, M/E 2 /1 and M/H 2 /1 retrial models with breakdowns, respectively. From the simulation results given in tables 1, 2 and 3, we can see that the mean system size at an arbitrary idle-up epoch is an increasing function of the second moments of both the service time distribution and the retrial time distribution. This property also takes place in the approximate results.
[ ] E N Concerning M/G/1 retrial queues with reliable server, it was shown that the performance of the approximation is not affected very much by the type of service time distribution (or its coefficient of variation cs) [11] . In tables 1, 2 and 3 we observe that the approximate results are close to the simulation ones when there are M/M/1 and M/E 2 /1 retrial models with breakdowns for which the coefficient of variation of service times . In the case of M/H 1 cs ≤ 2 /1 retrial model with 2 cs = , the approximation method works well as long as the traffic intensity ρ is relatively low (see
On the other hand, the approximation fails when the traffic intensity is high (see 0.6 * λ = ): the difference between the two solutions is highly significant. According to the idea of the approximation, the retrial intensity and the type of retrial time distribution (or its coefficient of variation cv) seem to be the important factors affecting its performance. Regarding M/G/1 retrial queues without breakdowns, it was shown that the approximation performs well as long as the mean retrial time is less than the mean service time and the coefficient of variation of retrial times is fairly close to that of the exponential distribution ( 4 cv < ) [11] . We have examined the effects of the retrial intensity and those of the type of retrial time distribution on the performance of the approximation in the case of M/G/1 retrial queues with breakdowns. From numerical results shown in tables 1, 2, 3 and also 4, we can see that the approximation deteriorates as the mean retrial time 1/θ approaches the mean service time 1/ γ . It fails when 1/θ is not sufficiently small relative to 1/ γ and the traffic intensity is relatively high (the failure of the approximation is denoted by *). We can also see that the accuracy of the approximation deteriorates as the retrial time distribution departs from the exponential distribution in the sense that its coefficient of variation . Further, we have observed that the approximate results are close to the simulation ones, when the coefficient of variation of retrial times (for example, see We conclude that increasing the traffic intensity and increasing the coefficient of variation of service time distribution as well as the coefficient of variation of retrial time distribution have an adverse influence on the performance of the approximation.
